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Abstract. Let T be the random bipartite grapli, a countable graph with two infinite 
sides, edges randomly distributed between the sides, but no edges within a side. In this pa- 
per, wc investigate the roducts of F that preserve sides. We classify the closed permutation 
subgroups containing the group Aut(T)* , where Aut{r)* is the group of all isomorphisms 
and anti-isomorphisms of T preserving the two sides. Our results rely on a combinatorial 
theorem of Nesetf il-Rodl and a strong finite submodel property for F. 



§1. Introduction. As in [8], a reduct of a structure F is a structure witli tlie 
same underlying set as F, for some relational language, each of whose relations 
is 0-definable in the original structure. If F is w-categorical, then a reduct of 
F corresponds to a closed permutation subgroup in Sym{T) (the full symmetric 
group on the underlying set of F) that contains Aut{T) (the automorphism group 
of F). Two interdefinable reducts are considered to be equivalent. That is, two 
reducts of a structure F are equivalent if they have the same 0-definable sets, or, 
equivalently, they have the same automorphism groups. There is a one-to-one 
correspondence between equivalence classes of reducts N and closed subgroups 
of Sym(T) containing Aut{r) via N i-^ Aut{N) (see [8]). 

There are currently a few cj-categorical structures whose reducts have been 
explicitly classified. In 1977, Higman classified the reducts of the structure (Q, <) 
(see [4]). In 2008, Markus Junker and Martin Ziegler classified the reducts 
of expansions of (Q, <) by constants and unary predicates (see [6]). Simon 
Thomas showed that there are finitely many reducts of the random graph ([7]) 
in 1991, and of the random hypergraphs ([8]) in 1996. In 1995 James Bennett 
proved similar results for the random tournament, and for the random fc-edge 
coloring graphs ([2]). In this paper, we investigate the reducts of the random 
bipartite graph that preserve sides. We find it convenient to consider a bipartite 
graph in a language with two unary predicates (one side Ri, the other side Rr) 
and two binary predicates (edge Pi, not edge P2). Equivalently, we analyze 
the closed subgroups of Sym{Ri) x Sym(Rr) containing Aut{T), where Ri, Rr 
denote the two sides of the random bipartite graph. Let Aut{r)* be a group of 
all isomorphisms and anti-isomorphisms preserving the two sides. We classified 
all the closed subgroup of Sym{Ri) x Sym{Rr) containing Aut{T)* . We have 
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analyzed some closed groups between Aut(T) and Sym(T) but do not describe 
the results here since we do not have a classification of all such. 

Definition 1.1. A structure G= (F*^, i?p, i?^, , P^^), where Rf^,Rr C 
V'~^ and PpjPj'^ C i?p X , is a bipartite graph if it satisfies the following 
set of axioms: 

3xRi{x) A 3xRr{x); 

^xiRiix)"^ Rrix)); 

yx{{Ri{x) ^Rr{x)) A {Rr{x) ^Ri{x))); 
yxWyiiRiix) A Rriy)) (Pi(x,y) V P2{x,y))); 

VxVy((Pi(x,y) {Ri{x) A Rr{y))) A {P2{x,y) ^ {Ri{x) A Rriy)))) ; 
Vxyy{{R,{x)ARr{y)) {{Pi{x,y) ^P2{x,y))A{P2{x,y) — > -Pi(a;, y)))). 

In the rest of the paper, we will use the following notations: if i? = (a, h) S 
Ri X then we call (a, 6) a cross-edge, and we say that E has cross-type P, 
if Pi holds for the pair (a, 6) for i = 1,2. Furthermore, if g G Sym{T) and 
E = (a, b) <E Ri X Rr, we denote {g{a), g{b)) by g[E] . An (m x n)— subgraph is a 
bipartite graph with m vertices in Ri and n vertices in Rr. Sym^i r}{^) denotes 
the group Sym{Ri) x Sym(Rr). 

Definition 1.2. Let 71 £ N. A bipartite graph satisfies the extension property 
Qn if for any two disjoint subsets Xn, X12 G [P/]-", and any two disjoint subsets 

Xrl, Xr2 S [Rr]-^, 

(a) there exists a vertex v £ P,. such that Pi{x, v) for every x € Xn for i ~ 1, 2; 
and 

(b) there exists a vertex w E Ri such that Pi {w, x) for every x £ Xri for i = 1,2. 

Definition 1.3. A countable bipartite graph, denoted by T, is random if it 
satisfies the extension properties 0„ for every n £ N. 

The 0„'s are first-order sentences, and the axioms in Definition 11.11 together 
with the {6„}ngN form a complete and w-categorical theory. A random bipartite 
graph can be built by Fraisse-construction for bipartite graphs (see [5]). It is 
countable and unique up to isomorphism. It is also easy to show that the random 
bipartite graph is homogeneous by a back-and-forth argument. In the rest of 
paper, we denote by F the random bipartite graph. 

Definition 1.4. Let F be the random bipartite graph and A be a subset ofT. 
A bijection a : F — > F is a switch with respect to A if the following conditions 
are satisfied: 

for all (a, 6) Ri x R^. and i = 1,2, Pi{a,b) < — > Pi{a{a), cr(b)) if and only if 
\{a,b}nA\^l. 

Note that a switch on any finite set of vertices can be obtained by composing 
single- vertex switches. 

Definition 1.5. Let X C {Z,r}. The switch group S'x(F) is the closed sub- 
group of Sym[i j.j{T) generated as a topological group by 

(1) Aut(V); and 

(2) The set of all a £ S'j/m{;^j.(F) such that a is a switch with respect to some 
V (z Ri, where i E X. 
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Since r satisfies the extension property 0„ for n G N and S'{;_r}(r) is closed, 
we can construct p S r}(r) wliicli is a switch w.r.t. i?/. Observe that p G 
'S'{;}(r) n S'{r}(r)- Let G* be the closed group generated by G and p. Then 
the group S'j(:(r)* is the same as the group Sx(^) except when X = 0. Notice 
Aut{T)* = S%{T)* ^ which is a group of permutations that either preserve all 
cross- types on Ri x Rr, or exchange all cross- types on Ri x Rr- Also notice that 

Aut{r)* = s',(r)ns'^(r). 

We now state the main result of this paper. 

Theorem 1.6. If G is a closed subgroup with Aut{T)* < G < Sym[i ,.^{T), 
then there exists a subset X C {l,r} such that G = S'x(r)*. 

That is, there are only finitely many closed subgroups of Sym^i ,.}(r) contain- 
mg Aut[TY: AMt(r)*, 5{,}(r), 5{,j(r), %,}(r), and Svm{i^,}(v). This the- 
orem relies on a combinatorial theorem of Neseti^il-Rodl and the strong finite 
submodel property of the random bipartite graph. It is still an open question 
whether there are finitely many closed subgroups between Aut{r) and Sym{T). 

Here is how the rest of the paper is organized. In section 2, we study the 
relations preserved by the groups Sx(r), where X C {l,r}. In section 3, we 
show that the random bipartite graph has the strong finite bipartite submodel 
property. In section 4, we employ a technique called (m x n)-analysis for the 
random bipartite graph. These prepare us to give an explicit classification of 
the closed subgroups of Sym^ ,.j{r) containing Aut{r)* in the rest of the paper. 
In section 5, we prove the first part of Theorem II. 6[ which says that the closed 
subgroups of 5'{/^r}(r) containing Aut{T)* are Aut{r)* , S'{;}(r), and S'{r}(r), and 
iSj; ,.}(r). In section 6, we proved the existence of some special finite subgraphs 
of r, which will be used in section 7. Then in section 7 we show there is no other 
proper closed subgroup between 5{i ,.}(r) and Sym^i which completes the 

proof of Theorem 11.61 

§2. Relations Preserved by Switch Groups. In this section, we identify 
the relations preserved by the switch groups S'{/}(r), S'{,.}(r) and S'{/^r}(r)- For 
convenience in discussing closures of G < Sym^i r}(r), we let ^{G) ^ {g \ X \ 

5eG,xe [r]<"}. 

Definition 2.1. Let f G Sym^i ,,j(T), and S be a finite bipartite subgraph 
of r. We say f preserves the parity of cross-types on S if the number of Pi 
cross-types in S is even if and only if the number of cross-types in f[S] is even. 

Lemma 2.2. 5{;.j.}(r) = {a £ Sym^i \ o preserves the parity of cross- 

types in every (2 x 2) -subgraph ofT}. 

Proof. It is easy to show that any a G S'{i^r}(r) preserves the parity of cross- 
types in every (2 x 2)-subgraph of T. The other direction is proved as follows. 

Suppose <T G Sym^i r-j(r) preserves the parity of cross-types in every (2 x 2)- 
subgraph of F. Let B be an arbitrary 2 x 2-subgraph of F. Since a preserves 
the parity of Pj's for i = I and r, only an even number of the cross- types can be 
changed. That is, 0, 2, or 4 of the cross-types can be changed. We shall prove 
that in each case, there exists 9 G S*!/ ,.}(r) such that 6 \ B ^ a \ B. 
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Case 1: if none of the cross-types are changed, then there exists 9 e Aut{r) 
such that 9 \ B = a \ B. 

Case 2: if two of the cross- types are changed, then there exists 9 which is 
either a switch w.r.t. one vertex or a switch w.r.t. two vertices of B such that 
9\B = a\B. 

Case 3: if four of the cross-types are changed, then there exits 9 which is a 
switch w.r.t. Ri of T (i.e. 9 e Aut{T)*) such that 9 \ B = a \ B. 

We then choose a vertex v G T\B and let (p = 9~^ o a \ B U {v}. We may 
assume u S i?;. Note if £' is a cross-edge in i? U {v} and (j) does not preserve the 
cross-type on E, then E ~ (v, u) for some u Q Rr- Also notice that 9 and a both 
preserve the parity of cross-types in (2 x 2)-subgraphs of F, hence so does 4>. Then 
it is easy to check that cither for every w G B D Rr, Pi{v, w) — > Pi{4>{v), </>(w)); 
or for every w £ B n Rr, Pi{v,w) — > -iPi{(j){v),(j}{w)), where i = 1 and 2. 
Therefore (j) G 5^(5'{i,r}(r)), and so cr \ B \J {v] G 5'(S'{,,r}(r)). Continuing in 
this manner for the vertices in T\B U see that for any finite bipartite 

graph 5 C r, there exists an element ^5 G 3'(S'{;_r}(r)) such that a \ S = 9s- 
Thus a G 5*1; ,,}(r), since 5^; ,,j(r) is closed. This complete the proof of Lemma 

Similarly, we can prove the following results. 

Lemma 2.3. S'{;i,(r) = {cr G Sym^ij.}{^) \ cr preserves the parity of cross- 
types in every (1 x 2)-subgraph ofT}. 

Lemma 2.4. S'{r}(r) = {a G Sym^i j,}{T) \ a preserves the parity of cross- 
types in every (2 x l)-suhgraph o/F}. 

§3. The Strong Finite Bipartite Submodel Property. In this section, 
we define the Strong Finite Bipartite Submodel Property (SFBSP), inspired 
by the Strong Finite Submodel Property introduced by Thomas in [8], and we 
prove that the random bipartite graph has the SFBSP. This property provides 
a powerful tool in the later sections of this paper. 

Definition 3.1. A countable infinite bipartite graph F has the Strong Finite 
Bipartite Submodel Property (SFBSP) ifV^ UieN '^i '■^ union of an increasing 
chain of substructures Vi such that 

(1) Ti C Fi+i and \Ti\ ^ i for each i G N. In particular, 

• if i is even, then \Ti Cl Ri\ = \Ti Cl Rr\; 

• otherwise, \Ti D Ri\ = \Ti Cl Rr \ + 1 ■ 

(2) for any sentence 4> with T \= (j), there exists G N such that F^ ^ for all 
i > N. 

Theorem 3.2. The countable random bipartite graph F has the SFBSP. 

Theorem 13.21 is a consequence of the Borel-Cantelli Lemma, as below: 

Definition 3.3 ([8]). If {An}neN is a sequence of events in a probability space, 
then nTi6N[UTi<fe<EN ^fc] ^he event that consists of realization of infinitely many 
of An, denoted by limj4„. 

Lemma 3.4 (Borel-Cantelli, [3]). Let {A^^nefi a sequence of events in a 
probability space. If^^^QP{An) < 00, then P(limj4„) ~ 0. 
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Proof of Theorem 13.21 Since the extension properties 0„'saxiomatize the 
random bipartite graph T and Qi imphcs Qi-i for all z G N, for every sentence (f) 
true in T, there exists some k £ N such that Ok holds if and only if cj) holds. Let 
fj be the probability space of all countable bipartite graphs {S, Ri, R,., Pi, P2), 
where \Ri \ = \Rr\ = uj and every cross-edge E G Ri x Rr has cross- type Pi with 
probability i. For each n € N with n > fc, let S'„ € [S*]" such that if n is even, 
then ISn^) Ri\ = |, otherwise n = \Sn n + 1- Let A„ be the event 
that the induced graph on 5„ does not satisfy the extension property Qk- Then 
by simple computation, 

(1) 

f: p(A„) ^ ± PiM^) + f PiM^.i) <,±h I h +1 -')(!- (1)^)-- 

n=0 m=0 m=0 Tn=0 \ / \ / 



where (") is the number of combinations of n objects taken z at a time. Let 
Cm = r+')r\-"')(l-(3)')'""''- Then lim^^+o, - 1 - (i)^' < 1. 

By the ratio test for infinite series, we have X]m=o ^™ converges, and so does 
^^qP(^„). Thus by Lemma [3.4[ P(limA„) ~ 0. So there exists a bipartite 
graph S £ and an integer N such that for all n > , the subgraph on Sn G [S]" 
satisfies the extension property Qk, and so 0. Notice that the choice of S ensures 
that S is countable and satisfies all the axioms for the random bipartite graph. 
Hence S is isomorphic to F. Then F has the SFBSP, which completes the proof 
of Theorem [3H H 



In the rest of the paper, we often use the fact that F has the usual finite sub- 
model property. We will only use the strong finite bipartite submodel property 
in section 7. 



§4. {m X ?i)-analysis. In [8], Thomas used a helpful tool called "m-analysis" 
to classify the reducts of the random hypergraphs. Using a similar approach, 
we give the definition of (m x n)-analysis in this section, and we prove that if 
/ £ 5^(S'{; r}(r)) and if |dom/| is sufficiently large, then / has an (mxn)- analysis. 
This rather technical concept will be used in the proof of Theorem 11.61 

Definition 4.1. Let m,n > 2. Suppose f e d{S{i,r}(r)) and Z ~ domf 
satisfies \Z n Ri\ > m and \Z n Rr\ > n. An (m x n)-analysis of f consists of 
a finite sequence of elements /o,/i, ■■■,fs G i?('S'{i,r}(r)) satisfying the following 
conditions: 

(1) fo^Oof where 6 e ^(Autir)*); 

(2) For each < j < s — 1, there exist a finite (m x n) -subgraph Yj in Z , and 
an element 6j £ S^i ,.}{^) such that 

(a) 6j is either an automorphism, or a switch with respect to some vertex 
Vj GYjO Rij where ij £ {I, r}; 

(b) e, \Y, -J/j o o ... o /o) \Y,; 

(c) fj+i =dj^ \ ran{f.j o ... o /q); 

(3) /s o ... o /o ; Z — > F is an isomorphic embedding. 

We now prove the existence of an (to x n)-analysis for a given /. 
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Theorem 4.2. Let m, n e N and m,n> 2. For every f G 5'(5{i.r}(r)), there 
exists an integer s(rn, n) such that if \domf H Ri\ > s(rn, n) for i = I and r, then 
there exists an (m x n) -analysis of f . 

Proof. Let / G ,.}(r)) be such that Z ~ domf is a very large subset of 

r. By Ramsey's Theorem, there exists a large subset S oi Z such that S satisfies 
one of the following two conditions for every cross-edge E in S, where i = 1,2: 

(a) P,{E) implies 

(b) P,{E) implies ^Pif[E]). 

We will construct a sequence of /^'s as following. 

If (a) holds, then we let fo = 9 o f where 9 G ^{Aut{T)*) is the identity map 
on domf. Let Yq be an arbitrary (jn x n)-subgraph in S, and choose 9o G Aut(T) 
such that 9o\ S = fol S. Define /i = 0^^ \ ra?i(/o). 

Next we choose wi G Z \ if it exists, and consider /i o /g \ S Li {wi}. Since 
/i ° /o e 5^(5'{i_r}(r)) and /i o /q f S* is the identity map, /i o /q \ S U {wi} 
is cither an isomorphism or a switch with respect to wi by Lemma 12.21 Let Yi 
be an arbitrary (m x ri)-subgraph of S* U {wi} containing wi. Then there exists 
9i G iJ(S'|/ ,,} (r)) which is cither an isomorphism or a switch with respect to wi 
and 01 \ SU {wi} = /i o /o r 5 U {wi}. Define /a = 9^' \ ran{fi o f„). 

Continuing in this manner, for < j < s = \Z/S\, we can find an (m x n)- 
subgraph Yj of Z and 9j G S'^j ,,}(r) such that 

(1) 9j is either an isomorphism or a switch with respect to some vertex Wj G 
Yj n Rij where ij G {l,r}; 

(2) 9j \ Y, = {fj o o ... o /o) \ Y, 

(3) /j+i = OJ^ \ ran{fj o ... o /q); 

Also fsO.-.ofo'.Z — > F is an isomorphic embedding. 

If (6) holds, then there exists 9 G 5'(Aut(r)*) with dom{9) = ran{f), which ex- 
changes all the cross- types on F. Let fo = 9o f. Hence /o \ S is an isomorphism. 
The rest of the proof will be the same as in (a). 

Hence /o, /i, . . . , /s is an (m x n)-analysis of /. This completes the proof of 
Theorem lO 

-\ 

§5. Closed Subgroups of 5{; r}(r) Containing Aut{T)* . In this section, 
we prove the first part of Theorem II. 6( which says that the closed subgroups of 
S'li^rlCr) containing Aut{T)* are Aut{TY , S'{;}(F), S^^jCF), and ^{(^^^(F). Notice 
that in the rest of the paper, we only consider maps in iSym^; r}(r)- Hence from 
now on, we call / f is an isomorphism if £' = (a, h) is a cross-edge and -Pi (a, h) 
implies Pi{f{a),f{b)) for i = 1,2. We call / f i? is an anti-isomorphism if 
E = (a, b) is a cross-edge and P,;(a, b) implies ^Pi{f{a), f{b)) for i = 1,2. 

Theorem 5.1. Suppose that G is a closed subgroup with Aut{T)* < G < 
S{i,r}(^)- Let X be the largest subset of {l,r} such that Sx(r)* ^ G. Then 
G C Sx{T)*, and so G = Sx{T)*. 

In the rest of this section, we let G be a closed subgroup with Aut{T)* < G < 
S^i r}(r), and X be the largest subset of {/, r} such that S'x(F)* C G. 
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Lemma 5.2. Suppose that g £ G is a bijection such that for every finite TCP 
with iTDRil >2fori^l and r, we have g \ T e ^{SxiT)*). Then g £ S'x(r)*. 

Proof. If X ^ 0, from Lemma 12.21 Lemma 12.31 and Lemma 12.41 we know 
that g \ T e d{SxiT)) implies g € Sx{T). Then we are done. If X = 0, then 
S0(r)* = Aut{T)*. If g \ T e ^(AutiT)*), then Aut{T)* = S'{;}(r) n S{r}(T) 
imphes g\Te J(S';(r)) and g\Te 5^(5',. (F)). Thus g e S'{/}(r) n Si^r}{T), and 
so g £ Aut{r)* . This completes the proof of Lemma [521 ^ 

Now let g £ G. Let T C F be an arbitrary finite bipartite graph with |mi?i| > 
2 for i = / and r. Then it wiU be sufficient to show that g \ T € S^(S'x(F)*). To 
achieve this, we adjust g repeatedly via composition with elements of S'x(F)* 
until we eventually obtain an element h e 5(S'{/ ,,-j(F)) such that h f T is an 
isomorphism. Our strategy is based upon the following lemma. 

Lemma 5.3. Suppose h € 3^(5'|j^^j(F)), and U , T C dom{h) are two disjoint 
bipartite subgraphs such that for every cross- edge E in (T U U)\T, h \ E is an 
isomorphism. Then h \ T is an isomorphism. 

Proof. We prove this by contradiction. Suppose h \ T is not an isomorphism, 
then there exists a cross-edge Ad [T]^ such that h \ A\s not an isomorphism. Let 
IF be a (2 X 2)-subgraph of TUC/ such that W f^T ^ A. By assumption, h \ E \s 
an isomorphism for every cross-edge E G [II^]^\^. Thus h does not preserve the 
parity of the cross-types on the (2 x 2)-subgraph W ^ which contradicts Lemma 
12.21 This completes the proof of Lemma [5731 H 

We shall make use of the following property of X . 

Lemma 5.4. Let X be the largest subset of {I, r} such that 5'x(F)* C G. There 
exists a finite bipartite subgraph HofT satisfying: 

For any i £ {I, r}, if there exist some vertex Vi E H n Ri and g G G such that 
g \ H is a switch w.r.t Vi, then i £ X . 

Proof. We prove the equivalent statement: there exists a finite bipartite 
subgraph H oiV satisfying; if i € {^,?'} and i ^ X, then for every Vi G H f) Ri 
and every g G G, g \ H is not a switch w.r.t Vi. 

Since i G {I, r} and i ^ X, there exists a map / which is a switch with respect 
to some vertex S Ri, but not in G. Otherwise the closed group generated 
by Aut{T) and / is S'{i}(F), and so ^{^^(F) = S'{i}(F)* is a subgroup of G, a 
contradiction with the definition of X. Then f ^ G implies that for every g G G, 
g is not a switch with respect to Oi . So there exists a finite set ^ C F containing 
Gi such that for every g G G, g \ A is not a switch with respect to Oi 

Since F has the extension property, we have the following holds: 

For every vertex Vi G Ri, there exists a bipartite graph ^' C F containing Vi 
which is isomorphic to A mapping v to a^. This can be expressed by the first- 
order sentence Ci. If a is the sentence Ai^xfij then F ^ cr. Hence by Theorem 
13.21 there exists a finite bipartite H oiT such that H a. This H satisfies our 
requirement, which completes the proof of Lemma 15.41 H 

We shall also make use of a combinatorial theorem of Nesetfil-Rodl, which is 
a generalization of Ramsey's Theorem. The following formulation, convenient 
for our use, is due to Abramson and Harrington ([1]). 
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Definition 5.5 (Sec [8]). A system of colors of length n, a — (Q!i,...,a„) 
is an n-sequence of finite nonempty sets. An a-colored set consists of a finite 
ordered set X and a function r : [X]-" — > cti U ... Ua„ such that t{A) G for 
each A G [X]^ where I < k < n. For each A e [J'f]-", t{A) is called the color of 
A. An a-pattern is an a-colored set whose underlying ordered set is an integer. 

Theorem 5.6 (Abramson-Harrington [1]). Given n, e, Af 6 N, a system a 
of colors of length n and an a-pattern P , there exists an a-pattern Q with the 
following property. For any a-colored set {X,t) with a-pattern Q and for any 
function F : [X]'^ — > M, there exists Y 'Z X such that (Y^t \ Y) has a- 
pattern P and such that for any A g \YY , F{A) depends only on the a-pattern 
of (A,T \ A). (We say that such Y is F -homogeneous) . 

Proof of Theorem 15.11 Let X be the largest subset of {I, r} such that 
Sx{y)* C G. Suppose g £ G, and let T C T with |T n i?; | > 2 and |T n > 2. 
By Lemma [5.21 it is enough to show now that g \ T £ ^{Sx(r)*)- The proof of 
Theorem 15. II proceeds via a sequence of claims. 

Fix an ordering -< of vertices in F such that T is an initial segment of this 
ordering of F. For a suitable system of colors a, we define an a-coloring r of 
[F\T]*^2 by setting: 

t{A) = t{B) if and only if |j4| = \B\ and the order-preserving bijection T U 
A — 5- T U -B is an isomorphism. 

Now we define the partition function Fg : [F\T]^ — > 2 such that for E S 

[F\^]^ 

• Fg{E) ^ 1 if E e for i = 1, 2; or if £; e i?/ x Rr with 5 f i; is an 
isomorphism. 

• Fg{E) = 0, otherwise. 

Let H be the finite bipartite graph given by Lemma [5^ and let m — \H n Ri\, 
n = \Hr\Rr\. Since F satisfies the extension properties, the following conditions 
hold. 

(a) |F n > s(m, n) + |T| for i = I and r, where s(m, n) as in Lemma 14.21 

(b) F contains all different copies of (2 x 2)-graphs, each connecting to T in all 
possible ways; 

(c) F contains isomorphic copies of (to x ri)-subgraph H connecting to T in all 
possible ways. 

(d) For every u £ T, there exists a finite bipartite subgraph V C (F\r) U {v} 
containing v such that V is isomorphic to the (to x n)-subgraph H . 

These can be expressed as a first-order sentence a. Since F has SFBSP, there 
exists a finite subgraph U C F\T such that the conditions (a) — (d) hold in 
U. Now let the a-pattern P be the one derived from {U,t \ U). By Theorem 
[Ql there exists U' C F\r such that U' has the a-pattern P. Thus T U C/' is 
isomorphic to T U C/ sending T to T. Furthermore, U' is Fg-homogeneous. Now 
we will use the following Claims. 

Claim A. Suppose that Xi, X2 '^U and that \Xir\Ri\ = n for i = 1 
and r. Let (f) : T U Xi — > T U X2 he an order-preserving bijection such that 
4>\ E is an isomorphism for all E £[TiJ XifWXif. Then for all E e [Xi]'\ 

g \ E is an isomorphism if and only if g \ 4i{E) is an isomorphism. 
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Proof. Wc prove this by contradiction. Wc may assume that there exists 
some E G [^i]'^ such that g f i? is an isomorphism while g \ iplE] is not. Since 
U satisfies condition (b), there exist (2 x 2)-subgraphs V, W C U, and F G [V]'^, 
F' e [Wf with t{E) = t{F) and T{(t)[E]) = r(F') satisfying the following 
condition. 

There exists an order-preserving bijection a : T[JV — > T\JW mapping F to 
F' such that for every A &\T \J a f A is an isomorphism. 

In particular, t{A) = T{a{A)) for all A g Since U is Fg-homogeneous, 

it follows that for all A € g f A is an isomorphism if and only if g \ a{A) 

is an isomorphism. Since t{E) ~ t{F) and r(0[i?]) = t{F'), we have g \ F is 
an isomorphism but g \ F' is not an isomorphism. Let P — \{A G [V]'^ \ g \ A 
is not an isomorphism}! and Q ^ \{A ^ [W]"^ I .9 f ^ is not an isomorphism} | . 
Then Q = P + 1 because of the effect of g on F and F'. But by Lemma [2.2i 
g G S'{;^r}(r) implies g preserve the parity of cross-types in V and W. Thus P 
and Q must be even, which contradicts Q = P + 1. This complete the proof of 
Claim A. H 



Claim B. g \ U £ d{Sx{r)*). 



Proof. Since U satisfies the condition (a), by Theorem 14.21 there exists an 
(m X n)-analysis of 5 \ U: gQ,gi, ■■■,gt S i?('S'{;,r}(r))- That is, for each < j < 
t — 1, there exists a finite (m x n)-subgraph Yj in U and an element 9j G S^i ^.} (P) 
such that 

(1) go^eog \U where 9 G d{Aut{T)*y, 

(2) 9j is either an isomorphism or a switch w.r.t some vertex aj G Yj D Ri- 
where ij G {Z, r}; 

(3) 9j \ Y.J = o gj_i o ... o go) \ Yj] 

(4) 9o+i = dj^ \ ran{gj o ... o go). 

(5) {gt o •■• o go) '■ U — !■ P is an isomorphic embedding. 

If aU {lo, it-i} C X, then go \ U e SiSxir)*), and so g f C/ G 5(^x(r)*). 
Otherwise, let j be the least integer such that ij ^ X and the corresponding 
9j is a switch w.r.t. aj G Ri H K,. Note So,...,^^-! G 5'x(P)*; which implies 
gi,...,gj G S^CS'jf (P)*)- We prove this situation can not occur. Note that {gj o 
... o go) \ Yj = 9j \ Yj is a, switch w.r.t a vertex Uj G Ri H Yj . 

Since U satisfies the condition (c), there exist an (m x n)-subgraph H' C U 
which is an isomorphic copy of H, and a map satisfying that (j) : T U Yj — > 
TU H' is an order-preserving bijection such that f i? is an isomorphism for all 

FG[Tuy,f\Kf. 

By Claim A, for every E € [Yj]"^, g |" F is an isomorphism if and only if g \ (piE] 
is an isomorphism. Next we will show there exist gl,...,g* G S^(S'x(P)*) such 
that g* ° ■■■ ° gl ° go \ H' is a switch w.r.t 4>{aj) of H' in . But then Lemma 
15.41 implies that ij G X, contrary to our assumption. Wc define g^* inductively 
for 1 < Z < j such that for all F G [Yj]^, g; o ... o go \ E is an isomorphism if and 
only if gl ° ■■■ ° gl o go \ is an isomorphism. 

Suppose g^, . . . , gi_i have been defined, we now define g^* for 1 < I < j: 
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(a) If is an isomorphism, or if is a switch w.r.t. a;_i G Rii^i but 
ai-i ^ Ij, then is an isomorphism on gi^i o ... o gQ[Yj], which is in 
^^(^^^(r)). We define as the identity map on ran(gi_^ o ... o g^ ° go)', 

(b) Otherwise, 9i^i is a switch w.r.t. a(_i e Rii^i and a;_i G Yj, then gi is a 
switch w.r.t gi_io...o5o(ai_i) S i?i,_ingi_io...o5o[lj]. Theng; G 3'(5'x(r)). 
Let 6* G >5'j5(:(r) be a switch with respect to g*_i o ... o gl o go{(j){ai-i)) , and 
define g^ as 0* \ ran(gi_^ o ... o g^ o g^). 

This completes the proof of Claim B. 

H 

Now choose V'o G 'S'js:(r)* such that ^|Jo \ U = g \ U, and let hi = ipQ^ o g \ 
TUU. Then hi \ E is the identity for every E G [U]'^. 

Next, we choose a vertex vi in T. WLOG we let vi G Ri, and consider 
/ii f ?7 U {ui}. Notice that if G [C/ U {wi}]^ and hi \ E is not an isomorphism, 
then vi G i?. 

Claim C. hi \ U U {vi} e ^{Sx{T)*). 

Proof. Since hi \ U = id and hi G 5^(5{;^}(r)), by Lemma [2.21 fei preserves 
the parity of cross- types in every (2 x 2)-subgraph of [/ U {vi}. So hi \ UU {vi} 
is either an isomorphism or a switch with respect to vi. We may assume hi \ 
U U {vi} is a switch with respect to vi. Then there exists a switch ■01 G 5{;}.(r) 
such that hi\UiJ {vi] ^ tpi \ UU {vi}, and for aU E £ [T U Uf with vi ^ E, 
ipi \ E is an isomorphism. 

If / G X, then ijji G S'x(r) and so ipi G 5A'(r)*, then we're done. Otherwise, 
we show that there will be contradiction. Since U satisfies the condition (d), 
there exists (m x n)-subgraph V ix\U iJ {v} such that w G F, and V ~ H . Then 
hi I" is a switch with respect to vi £ Ri. By Lemma [5.41 we have I £ X, a, 
contradiction with our assumption. This completes the proof of Claim C. H 

By Claim C, there exists ipi £ "^xlr)* is either an isomorphism or a switch 
w.r.t. vi G Ri for i € X such that 

(a) 01 \UU{vi} = hi \UU{vi}; 

(b) For all £' G [T UU]'^, if vi ^ E, then ^i \ E is an isomorphism. 

Let /i2 = V'r^°'*i t TLIU, then for all E' G [TU{wi}]^, /12 |" is an isomorphism. 

Now choose a second vertex U2 G T\{'(;i}. Arguing similarly as in Claim 
C, there exists 02 G Sxi^)* which is either an isomorphism or a switch w.r.t. 
V2 G i?i for I G X such that 

(a) 02 \ U U {v2} = h2 \ U U {v2}; 

(b) For all E' G [T UU]'^, if V2 ^ E, then 02 f E is an isomorphism. 

Note that such 02 is an isomorphism for all the cross-edges E such that ECU 
or EnT = {vi}. Thus when we next adjust /12 to /13 = 0^^ o /12 |" T U ?7, we do 
not spoil the progress which we make with our earlier adjustments. Hence for 
aU E £ [T\J {vi,V2}]^\{vi,V2}, h^ \ E is an isomorphism. 

By continuing in this fashion, we can deal with the other vertices in T\{wi, U2}. 
After |T|-1 steps, we obtain a map h* -.T UU — > TUU such that 

(a) There exists 0* G Sx{T)* such that h* ^ tp* o g \ T U U] 

(b) For ah E G [T U ?7]2\[T]2, /i* ] E is an isomorphism. 
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Now Lemma 15.31 implies h* f T is an isomorphism, hence g \ T = ^p* o h* \ 
T G 'S{Sx{T)*). This completes the proof of Theorem O H 

§6. Some Special Finite Subgraphs of F. In this section we show exis- 
tence of some special finite bipartite subgraphs T^r^ and Z. We will use the 
following two lemmas, each of which witness the fact that G is a nontrivial 
reduct. 

Lemma 6.1. Let G be a proper closed subgroup of Sym^i There exists a 

finite bipartite subgraph Bq o/F such that for every g £ G, there exist cross-edges 
Ei,E2 in Bo such that Pi{g[Ei]) and P2ig[E2]). 

Proof. Suppose no such Bq exists, then for every finite bipartite subgraph 
i? of F, there exists some g G G such that either Pi{g[E]) for every cross-edge E 
in S; or P2{g[E]) for every cross-edge E in B. 

Express F — Un^n^n as an union of an increasing chain of finite bipartite 
subgraphs F„. There exists an infinite subset / of N such that either for every 
n £ I, there is g„ S G such that Pi{gn[E]) for every cross-edge _E in F„; or for 
every n £ I, there is g„ S G such that P2{gn[E]) for every cross-edge E in F„. 

We may assume the first situation holds. For any (m x n)-subgraph G C F 
where m,n £ N, there exists N £ I such that G C Fat. Hence there exists some 
gc £ G such that Pi {gc [E] ) for every cross-edge _E in G. Then for any two {mxn)- 
subgraphs A, B of F, we can find a £ Aut(r) sending to gB[B]. Then the 

map f ~ g]j oaogj^ £ G and / takes Aio B. But A and B are arbitrary (m x n)- 
subgraphs of F, and so such f s generate all of Sym{i r]{X), a contradiction with 
the fact G is a proper subgroup of Sym{i^r}(^)- This completes the proof of 
Lemma 16.11 H 

Lemma 6.2. Let i £ {l,r} and j £ {1,2}, G as above. There exists a finite 
bipartite subgraph Bj o/F satisfying the following property for every g £ G: 
(t) No vertex v £ Bj D Ri has the property that for every cross-edge E in B^, 
-'Pj{g[E]) if and only if if and only if Pj{E) and v £ E. 

Proof. Fixiandj. Let m = jSoni?; | and = \Bnr\R,r \ for Br, in Lemma lSTTl 
We prove it by contradiction. Suppose there is no finite bipartite graph satisfying 
the property (f ) for every g £ G. Then Bq does not satisfy the property (f ) for 
all g £ G, then there exists some go £ G and vq £ Bq such that go preserves 
the cross-types on all the cross-edges in Bq except those cross-edges E where 
Pj{E) and vq £ E. Now compared with Bq, golBo] has fewer cross-edges with Pj 
holding on them. Note that .go[5o] is finite, so it does not satisfy the property (f) 
by assumption. Similarly we can find gi and vi £ 50 [^o] witnessing this failure, 
and such that gigo[Bo\ has even fewer cross-edges with Pj. Thus we can find a 
sequence of elements of G successively reducing the number of instances of Pj, 
and finally we get their composite g which, when applied to Bq, has eliminated 
all instances of Pj. But this contradicts the property of Bq in Lemma [HTT] Thus 
some (m x 7i)-subgraph must satisfy the requirement for Bj. H 

Note that the following graphs exist in F: 

(a) the finite bipartite subgraph Bq as in Lemma |6.1[ 
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(b) the finite bipartite subgraph Bj for i G {l^r} and j 6 {1,2} as in Lemma 

The existence of these finite subgraphs can be expressed by a first-order sentence 
cr, and r ^ (T. By Theorem I3.2| there exists Ng G N such that for every k > Ng, 
Ffc satisfies cr. 

In the rest of the section, we will prove the existence of a finite bipartite graph 
Z (Z T having the properties that every f £ G cither preserves or interchanges 
cross-types on Z. 

Theorem 6.3. Let G be a proper closed subgroup of Sym^i r}{^) ■ There exists 
a finite bipartite subgraph Z C T such that for every f £ G and every cross-edge 
E in Z , either Pi{E) implies Pi{f[E]); or Pi{E) implies -iPi{f[E\), where i = 1 
and 2. That is, f either preserves or interchanges cross-types on Z. 

Proof of Theorem 16.31 Fix an ordering of the vertices of T. For a suitable 
system of colors a, define an a-coloring x of F*-^ by setting: 

x{A) = x{B) if and only li A,B e [F]'-^ and the bijection A ^ i? is an 
isomorphism; 

Let P be the a-pattern such that if J7 is a finite bipartite U oiT and {U, x \ U) 
has a-pattern P, then {U,x \ U) = Fjvg- By Theorem 15.61 there exists an a- 
pattern Q such that for any a-colored set (X, x \ X) with a-pattern Q and for 
any partition F : [X]"^ — > 2, there exists Z of X such that Z has the a-pattern 
P, hence Z ^ Fjvg, a-nd (2', x f Z) is F-homogeneous. 

Wc define a particular partition F : [X]^ — > 2 such that for every E G [X^, 

• F{E) = 1 if £^ G [Ri]'^ for i ~ l,r, or if is a cross-edge and / preserves 
Pj on E for j = 1,2 

• F{E) = otherwise. 

Then one of the following conditions must hold in Z for every cross-edge E where 
i = 1,2. 

(1) Pi{E) implies Pi{f[E]); 

(2) P,{E) implies ^Pdf[E]); 

(3) PiiflE]); 

(4) P2{f[E]). 

Note that Z = Fatg, which contains Bq. This guarantees that only (1) or (2) 
hold for Z, as desired. This completes the proof of Theorem 16.31 H 

§7. The Closed Groups between S'{/^r}(r) and Sym^i In this sec- 

tion, we will prove the following Theorem: 

Theorem 7.1. IfG is a closed subgroup such that Aut{T)* < G < Sym^^i j.}{^), 
then G < S{i^r}(r)- 

The SFBSP of F will be used in the proof of Theorem 17.11 Recall that using 
Theorem 13.21 we can express F ~ UieN ^« ^ union of an increasing chain of 
substructures F,; such that 
(1) Ti C Fi+i and |Fi| ~ i for each i G N. In particular, 

• if i is even, then |Fi H Ri\ = jFj n 

• otherwise, |r, n = |Fi n Rr\ + 1. 
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(2) for every sentence (j> with T \= cj), there exists N ^ N such that Ti \^ (j) for 
all i > N. 

For the rest of this section, we fix G be closed subgroup such that Aut{r)* < 
G < Syrrni rji^)- Let X be the largest subset of {l,r} such that Sx{T)* C G, 
and so X is also the largest subset of {l,r} such that Sx(r)* C G n S'|/^r}(r)- 
Note G n S*!/ ,,,}(r) is a closed subgroup of S'|/^r}(r) containing Aut{T)* , then by 
Theoreminii G D 5'{,,^}(r) = Sx(T)*. 

Proof of Theorem 17.11 We prove by contradiction. Assume G is a closed 
subgroup with Aut{r) < G < S'yTO{/_r}(r) but G ^ S'{j^r}(r). Then there exist 
a map / S G\S^i r}{r); and a 2 x 2-subgraph F of F such that / \ Y does 
not preserve the parity of cross-types in Y. Let Z C F be the finite bipartite 
subgraph as in Theorem 16.31 Since F is homogeneous, there is e Aut(r) such 
that (j){Z) = Fjvg- Then there exists s £ N such that cpiY U Z) C Tg. Let 
M = (p^'^iTs]. Then F U Z C M, and t = <j) \ M is an isomorphism from M 
onto Fj with t[Z] = T^c- 

For any m with Nq < m < s, let Z„i = T^^[r„i] (Note Z^^ ~ Z). By 
Theorem 16. 3[ / |" Zat^ e 5^(S'{/^r} (r)). Let a be the greatest integer such that 
Ng < a < s and f \ Za & 5^(S'{z,r}(F)). By the definition of a, Theorem O 
implies that there exists a map 9 £ S'x (F)* such that / \ Za ~ 9 \ Za- The 
existence of F C M ensures that a < s. Suppose Za+i = ZaU {v}. WLOG, let 
V G Ri- We let /i = {9~^ o f o t^^) \ Fa+i and w ~ t{v). By the maximality of 
a, ./ r Za+1 i ;?(5{i,,}(F)). Thus /i e ;?(G)\;?(5{i,,|(F)). 

Fix an ordering -< of Fq+i such that w is the initial element. For a suitable 
system of colors a, define an a-coloring 77 of [F\{u'}]*-^ by setting: 77(A) = 
r\(Ji) if and only if the order-preserving bijection {w} U A — > [w] U B is an 
isomorphism. 

Let the a-pattern P be such that if (S, 77 \ S) has a-pattern P, then SLl{w} ~ 
Ta+i- By Theorem 15 .61 there exists a finite bipartite graph Q C F\{w} such that 
for any partition F : [Q]^ — !■ 2, there exists ^ of Q such that there exits an 
isomorphism a : V U {w} — > F^+i sending w to w. Furthermore, (V, 77 \ V) 
is i^-homogeneous. Now we define the partition function F : Q — > 2 for every 
a e Q 

• F(a) = 1 if a G i?r and /i \ {w,a) is an anti-isomorphism; 

• F(a) = if a € Ri, or a € Rr with fi \ [w, a) is an isomorphism. 

Let U ^ V D {w}. Then one of the following conditions must hold on U. 

(1) /i o (7 is an isomorphism; 

(2) /i o (7 is a switch with respect to w; 

(3) for all i? G [U]'^, /i o cr |" i? is not an isomorphism if and only if P2{E) and 
w £ E; 

(4) for all £■ e [U]'^, fioa \ E is not an isomorphism if and only if Pi{E) and 
w £ E. 

Note U = Ta+i and Fq-|_i D Fjvgi and Tn^ contains an isomorphic copy of 
B[,B2, so U contains isomorphic copies of B[ and of B2, which fail to obey the 
conditions (3) and (4). Thus only the conditions (1) or (2) holds in U, which 
implies that /i ocr \ U E d{S{i,r}(r)), and so /i G g'(S'{; ,,}(r)). This contradicts 
the fact that /i ^ i5(S'|/ (F)). This completes the proof of Theorem 17. II H 
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The result of Theorem [731 together with Theorem 15. 1[ completes our proof of 
the main result. 

Proof of Theorem 11.61 Let G be a closed subgroup with Aut{T)* < G < 
Sym{i,r}(T). Then by Theorem 1711 G < S'{/,r}(r). Using the resuh of Theorem 
15.11 we have G = Sx(r)* for some subset X C {l,r}. This completes the proof 
of Theorem [m H 
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